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Abstract
It is well known that several mechanisms of noise generation appear in microelectronic devices, causing thermal
noise, shot noise, generation±recombination noise and 1=f noise. Besides these noises, in the case of microelectromechanical systems, speci®c additional noises appear as a consequence of the fact that the ``building blocks'' (microcantilevers or membranes) of micromechanical systems have very small geometrical dimensions and mass. Most often,
these noises are the consequences of temperature ¯uctuations caused by dissipative processes in various vibrational
structures within the micromechanical systems. This work presents a methodology of calculation of noises, characteristic of microelectromechanical systems and applies it to the calculation of limiting performances of accelerometers,
sensing probe cantilevers and thermal infrared detectors. Ó 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction
The development of microsystem technologies (surface and bulk micromachining) resulted in the fabrication of miniature sensors, electromechanical parts and
actuators [1]. Their coupling into a single chip with integrated circuits furnished the so-called microelectromechanical systems (MEMS). These miniature systems
can in principle replace completely the existing measuring instruments, for instance spectrophotometers, ellipsometers, etc.
In the current development stage, there is an independent interest for miniature sensor and actuator parts
for microsystems, and very recently, a great demand
arose for miniature microelectromechanical ®lters, resonator circuits, etc. which could replace quartz resonators and ®lters with surface acoustical waves. This
replacement would result in a complete miniaturization
of wireless communication instruments [2].
It is interesting to note that all the above-microelectromechanical parts consist of only a relatively small
number of dierent ``building blocks''. These are pri*
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marily various kinds of cantilevers and diaphragms.
Their geometry may vary, and they can be made of
various materials ± metals, semiconductors and dielectrics. Depending on their function, they can be multilayered. Such is the case with bimaterial cantilevers and
with diaphragms serving at the same time as optical
®lters, etc.
Characteristic for all these building blocks are their
miniscule dimensions. Consider an example, the cantilever for a highly sensitive SPM microscope. According to
Ref. [3], to achieve a force resolution of 5:6  10ÿ18
N/Hz1=2 at 4.8 K in vacuum, a single-crystal silicon
 thick, 100 lm long and
cantilever was only about 600 A
10 lm wide. The weight of this cantilever was of the
order of about 10ÿ13 kg.
A similar situation is encountered in micromechanical resonators [4], where a resonant frequency in gigahertz range is required. For instance, the approximate
dimensions of a clamped±clamped beam resonator required to reach a frequency of 1 GHz are a length of
4 lm, a width of 2 lm and a thickness of 2 lm. The
weight of this cantilever is only 3:5  10ÿ14 kg.
For the author of this work, who has been working
for a long time in the ®eld of infrared detectors, it is
interesting that to achieve a high detectivity and fast
response in a thermal detector, it is necessary to have
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a large heat resistance between the sensing element
(membrane) and the ambient (radiative resistancelimited case), whereas the heat capacity (proportional to
the mass of the absorptive area) should be the smallest
possible [5]. On the contrary, it is well known that the
detectivity in real situations increases with the active
area. A compromising solution is to couple the active
area with its surroundings by small cross-section, thermally isolating beams and to keep the thickness of the
sensitive membrane small.
This work is dedicated to the determination of the
limiting performance of the microsystems utilizing the
above ``building blocks''. For example, the performance
of a sensor is improved by reducing noises in the preampli®er used to convert physical signals into electric
ones and by the control over other error sources like for
example non-compensated thermal drift. If this is done,
a point is achieved where the processes causing thermodynamical ¯uctuations start posing the barrier for
any further improvement of sensor parameters [6±8].
In the ®rst approximation, all of these structures can
be modeled as a damped mechanical oscillator. The
damping is connected with the fact that the cantilever is
surrounded by a medium with a given viscosity which
resists its movement. Besides this, the damping can be
caused by internal processes on the surface and in the
bulk of the cantilever [9].
This is especially marked if the external viscous effects are eliminated by placing the cantilever in vacuum.
The dissipative processes in this case are very similar to
the dissipative processes in gravitational antennas
[10,11]. They start to depend on the way the cantilevers
are fastened, on their surface treatment, etc. Of special
interest are the eects caused by the fact that the weight
of such elements is very small. The absorption±resorption eects cause the ¯uctuations of the resonant frequency even in a 10ÿ4 Torr vacuum by changing the
resonator mass [12,13].
In any case, if the temperature of a damped mechanical resonator is ®nite and if the system is in thermodynamical equilibrium, the mechanical resonator
must show a certain degree of random movement by
which the environment returns the resonator energy lost
by damping. These random vibrations are the cause of
the thermal±mechanical noise.
It stems from the preceding text that each dissipative
mechanism is connected with a corresponding noise,
which is actually the basic meaning of the ¯uctuation±
dissipation theorem.
In certain situations, temperature ¯uctuations can be
caused by random variations of the number of photons
arriving from the background and being absorbed or
being emitted from the sensitive element. If the temperatures of the detector and its environment are different, they cannot be calculated utilizing the
¯uctuation±dissipation theorem. In this article, they are

calculated by utilizing a kind of generation±recombination processes.

2. Theory of mechanical±thermal noise
Macroscopic motion of a body surrounded by an
external medium is followed by irreversible friction
processes, which eventually cause the motion to stop.
The kinetic energy of the body is transformed into heat
or dissipated. A purely mechanical consideration of this
motion is not possible in a general case.
However, there are important practical situations
where the state of the system in a given moment can be
fully described by its coordinate Qi and the speed (velocity) Q_ i . The described situation applies for the case of
small oscillations around an equilibrium position, and
corresponds to linear dissipative systems.
The equations of motion which take the dissipation
into account can be obtained by introducing additional
terms proportional to the velocity into the standard
form of the equation for the derivative of the generalized
impulse [14,15]:
F  P_ i  ÿ

s
oU Qi  X
ÿ
cik Q_ k ;
oQi
k1

1

where U(Qi ) is the potential energy of the system. According to the OnsagerÕs principle of symmetry cik  cki .
Thus, the existence of the dissipation processes in the
above approximation causes the appearance of additional friction forces, which are linearly dependent on
the velocity of motion. These forces can be obtained as
the derivative of the function
f 

1X _ _
c Qi Qk ;
2 i;k ik

2

which is called the dissipative function.
The simplest model that can serve as the mentioned
dissipative system is a damped mechanical oscillator
with mass m, the spring constant j and the mechanical
resistance R. According to Eq. (1), its equation of
motion is
m

d2 x
dx
 R  jx  F t;
dt2
dt

3

where F(t) represents an external force. The above
equation can be written in the form
Z
dv
m  Rv  j v dt  F ;
4
dt
where v  x_ is the velocity.
The above expression is fully analogous to the
equation of the current in an electrical circuit consisting
of an inductance L, capacitance C and a resistance R
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L

di
1
 Ri 
dt
C

Z
i dt  U t:

5

By comparing Eqs. (4) and (5), we see that there is the
following analogy:
voltage
current
inductance
capacitance
resistance

U
I
L
C
Re

force
velocity
mass
(stiness constant)ÿ1
mechanical resistance

F
v
m
1/k
R

The dissipation mechanisms are connected with the
friction forces opposing the motion of the body within a
medium. They depend on the velocity, shape and dimensions of the body and on the properties of the medium. Besides the above friction forces, in the case of
real bodies, there is also ``internal'' damping.
In order to include internal damping in a material,
the basic model of a simple harmonic oscillator described by
mx  jx  F

6

must be modi®ed [10,16] to include dissipation. A general way to take dissipation into account is to introduce
a small imaginary part into the spring constant
j ! j 1  iU:

7

If the force F is sinusoidal, the response x of the
spring will lag the force by the angle U(x). In this case,
Eq. (6) becomes
ÿmx2 x  j 1  iU xx  F :

8

This new equation of motion takes into account the
dissipation because it includes a component of the restoring force which is out of phase with the displacement.
If the ambient temperature around the damped mechanical oscillator is ®nite (i.e., not 0 K) and if the
system is in thermal equilibrium, then the mechanical
oscillator must exhibit some degree of random motion.
These random vibrations constitute the thermal±
mechanical noise.
The magnitude of the random vibrations is dependent on the extent of damping in the oscillator. This is
connected with the fact that to avoid violating the Second Law of Thermodynamics, the model of a damped
harmonic oscillator must include a noise force generator
with a sucient amplitude to maintain the degree of
random vibration dictated by the temperature of the
system. Without this noise force generator, the damping
of the system would stop any oscillation, implying a
system temperature of 0 K, which would violate the
condition of the thermal equilibrium at any temperature
dierent from 0 K.

921

On the contrary, a thermodynamical system in
equilibrium is characterized by two classes of parameters: the ``extensive'' parameters like the volume or the
number of moles, and the ``intensive'' ones or the
``generalized forces'' (e.g. pressure or chemical potential). The values of these parameters cannot be accurately determined due to random vibrations or the
existence of spontaneous ¯uctuations.
The ¯uctuations of the appropriate generalized
``force'' are related not to the standard thermodynamic
parameters of the system, but to the extent of damping.
An equation for the voltage ¯uctuation (a ``generalized
force'') in a linear electrical system was derived by
Nyquist in 1928. The Nyquist equation is unique in
physics, correlating a property of a system in equilibrium (voltage ¯uctuation) with a parameter characterizing
an irreversible damping process (i.e. electrical resistance). The equation not only gives the mean square
¯uctuation voltage, but also provides the frequency
spectrum of the ¯uctuations.
The extension of the Nyquist theorem to a general
linear dissipative system was presented by Callen and
Welton in 1951 [17]. This general theorem determines
the connection between the ``impedance'' of a general
linear dissipative system and the ¯uctuations of a generalized ``force''.
Using the quantum theory of time-dependent perturbations, Callen and Welton obtained the following mathematical form of the ¯uctuation±dissipation
theorem:
Z
2
hF 2 i 
R xE x; T  dx;
9
p
where
1
hx

x 
E x; T   h
;
2
exp hkTx ÿ 1

10

and R(x) is the real part of the impedance Z de®ned as
_
F  Z xQ;

11

where all quantities are now assumed to be written in the
standard complex notation.
As can be seen, E x; T  is formally the expression for
the mean energy of an oscillator with a frequency x and
at a temperature T. At higher temperatures (kT  
hx,
E x; T   kT ), the spectral distribution of the thermal
driving force is given by
Fth2 x 

dhF 2 i
 4kT R x;
df

12

where, for the case described by Eq. (8), R x is the
mechanical resistance, the real part of the impedance
Z  F =v. Equivalently, the expression for the displacement power spectrum
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X 2 x 

4kT
Re Y x:
x2

13

Re Y x is the real part of the admittance
Y x  Z ÿ1 x.
From Eq. (8), we obtain the mechanical impedance
for the simple harmonic oscillator with damping as
F
F
ÿmx2  j 1  iU x


v ixx
ix
j jU x
 imx  
:
ix
x

Z

dependent on frequency. U x and E0 x are not completely independent, as they are related by the Krammers±Kronig relations. Of course, this relation is also
valid for j and U:
Z
2 1 xU x
j x ÿ 1 
dx;
p 0 x2 ÿ x 2
21
Z 1
2x
j x
U x  ÿ
dx:
p 0 x2 ÿ x 2

with x20  j=m.
The integral of v2 x over all frequencies corresponds
to the energy per one degree of freedom kT =2, as one
could expect from the equipartition theorem.
Various models of thermal noise almost invariably
assume that the dissipative force is proportional to the
velocity. If we compare Eq. (3) in a complex form to
Eq. (8), we obtain

But as long as U  1, the frequency dependence
E0 x remains very weak, and the transition described
by Eq. (7) is justi®ed.
It is sometimes necessary to take account of the fact
that real oscillators are distributed systems, and the
description with point masses and massless springs is not
justi®ed [18]. For example, a real microcantilever exhibits transverse vibrational modes, as well as longitudinal modes of its mass. This means that Eq. (16) or
Eq. (18) applied to the fundamental mode of the cantilever will cease to apply at a high enough frequency, as
eventually the thermal noise from another mode at a
higher resonant frequency will dominate. This means
that better estimates of the thermal noise eects on the
cantilever displacement and the error involved in using a
single mode approximation (or a single spring massdamper system) can be obtained using a multi-mode
model.
The linearized equation of motion describing the
transverse de¯ection y(x,t) of a beam as a function of the
longitudinal coordinate x and time t can be expressed as
[19]:

Rx  jU x;

17

EI

and Eq. (16) assumes its usual form [7,8]
p
X x  4jT = x0 QjG x;

18

14

The admittance is
Y 

xjU  i xj ÿ mx3 
:
j ÿ mx2   j2 U2

15

According to Eq. (13), the spectral density of thermal
noise power is given by
Sx x  X 2 x


where
G x 

4kT U x
h
mx20 x

1
1 ÿ x=x0 2

i2

 U2 x


ÿ1=2
2
1 ÿ x=x0 2  x=x0 2 =Q2
;

16

19

while the Q-factor of the mechanical oscillatory circuit is
Q  x0 m=R  1=U x0 :

20

However, in low-loss oscillators, the dependence of
the dissipation on frequency seldom obeys this behavior.
In order to model a large variety of loss mechanisms,
U x is allowed to become an arbitrary function of x.
For example, in the description of materials, the elastic
losses are characterized by adding an imaginary part to
YoungÕs modulus: E  E0 1  iU. In this case, the parameter U is referred to as the materialÕs ``internal friction'' or loss function. Generally, E0 and U are
frequency-dependent. For example, viscous friction in a
material would be described by a function U linearly

o4 y
o2 y
oy
o2 y
ÿ p 2  C  qS 2  f x; t;
4
ox
ox
ot
ot

22

where q denotes the speci®c mass, S is the cross-section
area of the beam, C is the viscous drag parameter (drag
force per unit length and unit velocity), f x,t denotes a
transverse force per unit length and represents all externally applied mechanical forces, E is YoungÕs modulus of the beam material, and I is the second moment
inertia (For a beam width with rectangular cross-section
I  bh3 =12, b and h are the width and the thickness of
the beam, respectively) at the beam cross-section, p is the
applied axial force. Eq. (22) applies for a beam in which
b  h. For the so-called wide beams, i.e. b > 5h, YoungÕs
modulus is eectively replaced by E= 1 ÿ m2 , where m
denotes PoissonÕs ratio.
Using the modal analysis techniques [20], the solution
of Eq. (22) can be written as follows:
y x; t 

1
X
wn xqn t;

23

n1

where wn x are the normalized mode shapes and qn (t)
are generalized coordinates. Introducing Eq. (23) into
the equation of motion (22) and multiplying each term
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by a normal mode wm x, integrating along the beam
length and utilizing the orthogonality of the mode
shapes
Z
1 l
w xwm x dx  dnm
24
l 0 n

wnCF x  cos kn x ÿ cosh kn x

leads to

and for a clamped±clamped beam

Mn q t  rn q_ t  jn q t  Fn t  Fn eixt ;

n  1; 2; . . . ;

ÿ



Mn 

0

cos kn l ÿ cosh kn l
sin kn l ÿ sinh kn l

 sin kn x ÿ sinh kn x;
qSw2n

x dx  qSl  m

26

is the generalized mass corresponding to the mode n,


Z l
o4 wm x
o2 wm x
jn 
ÿ
p
dx
wn x EI
ox4
ox2
0
 x2n Mn

27

is the generalized stiness corresponding to the mode n
and
Z l
rn 
Cw2n x dx  Cl
28
0

is the generalized mechanical resistance corresponding
to the mode n.
If we put f x; t  f xFn t, we obtain
Z l
Fn 
f xwn x dx;
29
0

the generalized load corresponding to f x and the mode
n.
Eq. (25) represents an in®nite set of uncoupled ordinary dierential equations for a simple clamped mechanical oscillator.
The mode shapes wn x are determined using a special eigenvalue problem formulated as
Lw x  x2 mw x;
4

30
4

where L  EI o w=ox .
The eigenvalue problem consists of seeking the values
of the parameter x2 for which there is a non-vanishing
function w satisfying the preceding dierential equation
and the appropriate boundary conditions. Each eigenvalue (in our case xn ) and the corresponding eigenfunction (wn x) de®ne a mode of the system. The
problem is homogeneous so that the amplitudes of
the eigenfunctions are arbitrary and only the shapes of
the eigenfunctions can be uniquely determined.
For instance, the eigenfunctions of a cantilever
(clamped-free) beam of a length l are found to be

31

wnCC x  cos kn x ÿ cosh kn x

where
l

cos kn l  cosh kn l
sin kn l  sinh kn l

 sin kn x ÿ sinh kn x

25
Z

923

32

where kn is a constant corresponding to the mode n.
It is easily veri®ed that
1
l

Z
0

l

wn xwm x dx  dnm :

33

The corresponding natural frequencies are connected
to the constants kn as
x2n  kn4 EI=qS :

34

The constants kn are determined from the characteristic equation, which is a direct result of solving the
special eigenvalue problem and taking into account the
appropriate boundary conditions.
For the clamped±clamped beam, the characteristic
equation is given as
cos kl cosh kl  1;

35

yielding, for the fundamental mode, k1 l  4:730 and for
the cantilever
cos kl cosh kl  ÿ1

36

yielding k1 l  1:875 (Fig. 1).
As an example, consider a situation when a force
f x,t is applied at the end of the system x  L. In order
to obtain an equation similar to Eq. (3), for the mode n,
it is necessary to multiply Eq. (25) with wn L. We obtain
myn L; t  ry_ n L; t  Mx2n yn2  F w2n Leixt ;

37

or in SaulsonÕs notation [10]
my  jy  F w2n Leixt :

38

If we replace jn  jn 1  iUn x in Eq. (38), we
obtain the complex form

ÿ x2 M  x2n  ix2n MUn x yn  F w2n L;
39
yn 

M

x2n

F w2n L
:
ÿ x2  ix2n Un x

40
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assume that the friction force is linearly proportional to
the velocity. With an increase of the velocity, the friction
force dependence on velocity changes.
For low velocities, the friction force is
Fr  Rv;

44

where the coecient of mechanical resistance is frequency (x)-independent. In the approach utilizing the
loss function U x
R  jU x=x

Fig. 1. Fundamental modes for (a) the cantilever and (b) the
clamped±clamped beam.

Thus, the admittance Y  v=F  ixy=F is given as
Yn 

M

x2n

ixw2n L
:
ÿ x2  ix2n Un x

41

From the ¯uctuation±dissipation theorem and
Eq. (18), we can now ®nd the thermal noise displacement at x  L from
y 2 x 

1
4kT X
Mx n1

x2n



w2n LUn x
:
2
1 ÿ x=xn 2  U2n x

42

45

to have a frequency-independent R, the function U x
should be proportional to x.
In the case of capacitive pressure sensors, acoustic
sensors or micromechanical oscillators, the interelectrode distance is of an order of a few micrometers or
lesser, because of the requirement for the minimum
possible applied voltage. This causes the squeeze-®lm
damping, i.e. the viscous losses caused by the squeezing
out of the ¯uid between the moving parts [7]. For two
parallel discs with equal surfaces S at a mean distance
h0 , the equivalent mechanical resistance is
Rfilm 

3lS 2
;
2ph30

46

where l is the ¯uid viscosity (1:8  10ÿ5 kg/ms for the air
at 20°C, 1:0  10ÿ3 kg/ms for water at 20°C). To decrease this resistivity, the bottom plate is perforated, so
that the ¯uid ¯ows out through these openings as well.
The mechanical resistivity for this case can be approximated as [7]
Rperf 

12l
G AS 2 ;
Nph20

47

where N is the total number of holes in the perforated
plate, A is the plate area with openings and
A A2 ln A 3
ÿ ÿ
ÿ :
2
4
8
8

3. Dissipative mechanisms

G A 

In a narrower sense, the dissipative mechanisms determining the mechanical±thermal noise are connected
with the friction forces opposing the body motion. As
mentioned in Section 1, these processes can be divided
into two groups: external velocity damping and internal
damping.
External velocity damping is connected with the
friction forces opposing the motion of the body within
the surrounding medium. It depends on the velocity,
shape and dimensions of the body and on the properties
of the medium. For small values of the ReynoldÕs
number (Re < 2000)

The total resistance is obtained by calculating the
parallel connection of the Rfilm and Rperf .
As the viscosity of gases is pressure dependent, it can
be signi®cantly decreased by lowering the pressure.
However, at very low pressures or in the case of ultra-thin
®lms, the gas rarefaction eect [21] and the molecular
interaction with surfaces eectively change the viscosity.
This eect is taken into account by introducing the
eective viscosity leff , so that expressions (46) and (47)
are still valid for l  leff . For the situation presented in
Fig. 2, the eective viscosity is a function of the Knudsen
number Kn , the ratio between the gas mean free path k
and the air gap height h0 .
The eective viscosity can be expressed as a function
of the Knudsen number and the Poisseuille ¯ow-rate
coecient Qp Kn ; a0 ; a1  as follows:

Re  qvL=l;

43

where q is the ¯uid density, v, the velocity, L, the
characteristic dimension and l is the viscosity, we can

48
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Fig. 2. Schematic of the air gap between the silicon (membrane)
and the ®xed metallized electrode. The air gap height h0 is much
smaller than the other dimensions. z is a small variation in the
plate separation, a0 and a1 are the accommodation coecients.

leff 

p
p
l;
12Kn Qp Kn ; a0 ; a1 

49

where a0 and a1 are the accommodation coecients at
the boundary surfaces. These coecients are connected
with the surface re¯ection of the rare®ed gas molecules
and for example for the specular molecular re¯ection
a  0, whereas for diuse a  1.
The approximate expression for the ¯ow-rate coecient for a practical situation (metal±silicon boundary) is


D 2 ÿ a0
1
a0
Qp Kn ; a0 ; a1    p ln
 2:18 
6
D
0:642
p
1 ÿ a0  D  2:395

2  1:12a0 D
1:26  10a0 D exp ÿD=5

:
50
ÿ
1  10:98D
8:77
The relative error of this approximate equation is less
than 1% for all values of D  p1=2 =2Kn and 0 6 a0 6 1.
The dependence of the eective viscosity coecient
leff on pressure stems from the dependence of the free
path length on pressure p:
kT
k  p
;
2pr2 p

51

where r is the eective radius of cross-section; for air, it
is r  3:74  10ÿ8 cm. Thus, we obtain at room temperature
kAir 

6:68  10ÿ3
m:
p Pa

52

Fig. 3 shows the dependence of the normalized viscosity on pressure p for dierent values of the parameter
h0 . As the mechanical resistance, according to Eq. (46),
is proportional to the eective viscosity, we can see that
the evacuation of the medium around the vibrating
``building blocks'' is an ecient way to decrease the
mechanical resistance and thus to increase the Q factor.

925

Fig. 3. Dependence of the normalized viscosity on the pressure
p for dierent values of the parameter h0 .

The other main energy loss is caused by internal
damping. It is dependent on the material used for a
resonator and is in¯uenced by bulk and surface properties as for example dislocations, point defects or impurities.
In the above-mentioned damping, it is necessary to
include thermoelastic losses and Akheiser losses. The
thermoelastic internal friction is caused by the irreversible heat conduction from the regions of compression to
the regions of expansion which occurs during transversal
and longitudinal vibrations. The details of these loss
mechanisms can be found in Ref. [15].
Akheiser damping occurs because thermally elastic
standing-wave pattern at resonance disturbs the equilibrium distribution of thermally excited elastic waves
(phonons).
As mentioned in Section 1, if the in¯uence of the
viscous eects is entirely suppressed, the mechanical resistance and the loss function U x, and thus the Q
factor which is equal to 1=U x0  ± are determined by the
internal damping.
The experimental and theoretical investigation of the
internal damping is intensively performed for gravitational wave interferometers, for which it is required to
be capable of detecting broadband gravitational bursts
with a strain amplitude sensitivity near 10ÿ21 or smaller
at frequencies near around 100 Hz [16]. It is clear that
the measuring system must be in high vacuum and at a
low temperature (4 K).
The investigations performed until now [10,11]
showed that the most common functional form for U x
in materials of many kinds is U approximately constant
over a large band of frequencies. Regardless of the
simplicity of this dependence, in this moment, no simple
model exists to furnish a general explanation of this
phenomenon.
The investigation of the ``internal damping'' in microsystems is in its infancy. It is surely interesting to try
and apply certain results obtained in the ®eld of
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gravitational wave detectors to the ®eld of microsystems. In our ensuing consideration of a speci®c microsystem, we will have an opportunity to see the
importance of this kind of damping.
Besides the previously considered ``mechanical'' dissipation systems, it is especially interesting for us to
analyze the dissipation mechanism in thermal detectors
[8]. A thermal detector is a sensor which converts incident radiation into electrical signal by a change of its
temperature.
To achieve a high sensitivity, the sensitive area of a
thermal detector must be thermally well isolated from its
surroundings. The equation of heat transfer determining
the temperature increase of the sensitive element caused
by optical signal power U is given as [15]
Cth

dDT
 Gth DT  e1 U;
dt

53

where e1 is the emissivity of the detector active area, Gth
is thermal conductance and Cth is thermal capacitance.
If an external source causes an increase of the energy of
the sensing element dQ, the optical signal will be determined as
U

dQ
dS
T
:
dt
dt

54

If we assume that the temperature variation DT is the
generalized force and the rate of entropy change S_ is the
generalized velocity, we obtain the generalized impedance for the harmonic excitation (e1  1)
DT
T
Z x 
:

_S
Gth  jxCth

55

tion of DP 2 is considered in detail in our article [8], and
enclosed here is only the ®nal result.
Assuming that the active area of the thermal detector
is A and its emissivity 1, and if the radiation ®eld corresponds to a temperature T, for a ®eld of view h, the
mean square ¯uctuation of the incident power is
DP 2  8 sin2 h=2ArkT 5 Df ;

59

where Df denotes the bandwidth. For h  180° and assuming dierent temperatures of the detector and the
background we obtain
DP 2  8Ark Tb5  Td5  Df :

60

In the case of the membrane structures for thermal
detectors, it is convenient to divide the total thermal
conductance Gth into three independent parts: Gleg , Ggas ,
Grad .
Gleg is the heat conductance through the legs supporting the membrane, Ggas the corresponding conductance through the surrounding gas, and the third
component is due to thermal radiation.
In the situations where the environment temperature
is approximately equal to the temperature of the sensing
element, we can introduce radiation thermal conductance. Starting from the fact that the total radiation
losses are
P  eeff rAmemb T 4 ;

61

we obtain the expression for Grad :
Grad  dP =dt  4eeff rAmemb T 3 ;

62

Using Eq. (12), it is easy to obtain that the spectral
density of thermal ¯uctuations is

where eeff is the eective emissivity, Amemb , the area of
the membrane surface and T, the absolute temperature.
To calculate Gleg , the membrane geometry and the
thermal conductivity k of the material must be known.
Usually, we assume that the contribution to Gleg is completely due to the conduction through the supporting leg,
and the conduction within the membrane is negligible.
The thermal conductance Gleg of the membrane
supported by two legs is

DT 2  4kT 2 Rth = 1  x2 s2th :

Gleg  2kleg

Introducing a thermal time constant sth  Cth Rth , the
real part of the thermal impedance becomes
Rth x 

Gth

T
:
1  x2 s2th 

56

57

Thus, it follows that in this case, the mean square
¯uctuation of the optical power caused by the background radiation and emitted by the active area of the
detector is given as
DP 2  4kT 2 Gth :

58

This expression is valid if the detector temperature Td
and the background temperature Tb are equal. In the
case when these two temperatures are dierent, the
¯uctuation±dissipation theorem cannot be utilized to
determine DP 2 , as mentioned in Section 1. The calcula-

Aleg
:
lleg

63

Aleg is the cross-sectional area and lleg is the average
length of the legs, respectively.
Ggas can be divided into two parts, due to heat
conduction Gcond and the heat transfer due to convection
Gconv through the surrounding gas. Usually, Ggas 
Gcond , Gconv  Gcond . Due to this
Gcond  kgas Amemb =d;

64

where d is the membrane to substrate spacing. kgas ,
thermal conductivity of the gas, exhibits a strong dependence on the ambient pressure p.
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A simple consideration shows that [22]
1=kgas  1=khp  1=clp d 1=p:

65

khp is a pressure-independent thermal conductivity
dominating in the high-pressure regime, clp is the thermal conductivity for unit pressure and length which
dominates in the low-pressure regime.
Further, we obtain
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The heat capacity or thermal mass of the membrane
C is given as
C  V qc J =K;

67

where V is the detector volume, q is the density and c is
the speci®c heat. For a silicon nitride (Si3 N4 ) membrane,
the thermal time constant for the three above cases is
(77 ls, 6.7 ms, 0.2 s).

1=Gcond  1=khp  d=Amemb   1=clp  1=p 1=Amemb ;
66
and for the air as the gas ambience [22] khp  0:026 W/
km, clp  1:9 m/s K.
As an illustration, we present in Fig. 4, the dependence of the thermal conductance on gas pressure for two
dierent membranes, where the area of the larger membrane is Amemb 1  100  100 lm2 , and the area of the
other membrane Amemb 2  50  50 lm2 [22]. The solid
line represents the results of the calculation using the
above approach, where nitrogen was used as the model
for air. The detector structure is shown in the inset.
It is clear from Fig. 4 that Gth reaches a constant
value if the pressure is decreased below 0.01 mbar, when
Gleg starts to dominate in Gth . Besides this, G reaches a
practically constant value at the atmospheric pressure,
when the contribution of Ggas to the thermal conductance is greatest.
We conclude that basically there are three possible
cases: (1) the membrane is surrounded by air at atmospheric pressure; (2) the membrane is in vacuum; (3) the
heat dissipation from the membrane is dominated by
radiation losses. The order of magnitude for the above
three cases is Gth  2:0  10ÿ5 , 2:3  10ÿ7 , 7:0  10ÿ9 )
W/K, respectively, whereas Amemb  50  50 lm2 .

4. Examples
The operation of vibrational MEMS devices (sensors,
actuators, electronic and mechanical parts, oscillators,
®lters) can be divided into two groups. One of these
groups, for instance pressure sensors and thermal IR
detectors, most often operate at frequencies much below
the resonant frequency. The other group, including
resonant gyroscopes and micromechanical oscillators,
etc. operate at frequencies near the resonant frequency.
It is easy to show that the displacement noise Xn2
peaks at the resonant frequency (at which e.g. oscillators
and micromechanical ®lters operate). Note that this
noise is Q times larger than that for the mechanical
devices operating below resonance (e.g. capacitive accelerometers). Namely, let us remember that
Xn2 x 

4kT 2
G x:
x0 Qj

For a resonant frequency x  x0 , we have
p
4Q m
Xn2  3=2 kT :
j
If x  x0
p
4 m
Xn2 
kT :
Qj3=2

68

69

70

Besides numerous parameters characterizing the
MEMS parts, we are mostly interested in those connected with the noise in these structures. One such parameter is the minimum detectable signal (MDS). The
MDS of a system is typically de®ned to be equal to the
rms, equivalent input noise. For example, in the case of
the pressure sensors, the MDS is expressed as an
equivalent pressure ¯uctuation
s
p
4kT x0 mj Df
Pn  4kTRacs Df 
S 2 Qj
s
4jkT Df

;
71
S 2 x0 Q
Fig. 4. Dependence of the thermal conductance on gas pressure
for two membranes, Amemb 1  100  100 lm2 , Amemb 2  50  50
lm2 . Detector structure is shown in the inset.

where Racs is acoustic resistance, Racs  R=S 2 and S is the
area of the active face.
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4.1. Accelerometer
An accelerometer is an inertial sensor used to measure acceleration. Between many MEMS-based accelerometers we consider the capacitive sensing scheme for
acceleration detection [23]. A simpli®ed schematic capacitive accelerometer is shown in Fig. 5.
The minimum detectable acceleration is determined
by the total noise referred back to accelerometer input.
We consider two noise sources: one is the thermal±
mechanical noise and, the second is the transistor noise
in the front-end circuit.
To obtain noise on the input, it is necessary to ®nd
the accelerometer sensitivity. This sensitivity is de®ned
as the ratio of the output voltage and the input acceleration. It is de®ned by both the mechanical sensitivity
and the position sense circuit. The mechanical sensitivity
is de®ned as how much the proof mass moves when an
acceleration is applied
x
m
1


;
a ÿmx2  jxR  j ÿx2  jxxr =Q  x2r

72

Fig. 6. Accelerometer sensing interface.

Simple analysis gives
V0 

C1 ÿ C2
V :
C1  C2  Cpara m

If no acceleration occurs, the movable ®ngers are
midway between two ®xed sense ®ngers (inset in Fig. 4),
C1  C2  C0 and V0  0.
Under an applied acceleration, the proof mass moves
and C1 and C2 are no longer equal. Using Fig. 5 and
assuming that the displacement x is small compared to
the initial gap g0 :

where xr  j=m1=2 and Q  xr m=R. At frequencies
well below resonance (x  xr ), the mechanical sensitivity is

C1 ÿ C2  2C0 x=g0 :

x=a  1=x2r  m=j:

as

73

From this equation, we can see that the mechanical
sensitivity is inversely proportional to the square of the
resonant frequency.
Usually, we choose a commonly used single-ended
half bridge capacitive sense interface to translate the
proof mass displacement into the output voltage, as
shown in Fig. 5.
In Fig. 6, C1 and C2 are capacitors between the
movable ®nger and its nearest ®xed ®nger. The modulation voltage Vm is applied between ®ngers. Cpara is the
total parasitic capacitance at the output.

74

75

Combining Eqs. (73)±(75), we obtain the sensitivity

V0
2C0
m
Vm :

a
2C0  Cpara jg0

76

According to Eqs. (18) and (74), the noise equivalent
acceleration is obtained as
s
4kT
2
2
an  xr X x  xr
:
77
xr Qj
The noise voltage at the input due to the thermal±
mechanical noise is given as

Fig. 5. Schematic representation of a capacitive accelerometer.
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s
4kT 1
2C0
Vn 
Vm Df :
xr Qj g0 2C0  Cpara
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78

Let Vn-circuit be the noise arriving from the electrical
circuit. If we direct this noise into the input acceleration
we obtain
an-circuit  Vn-circuit =sensitivity:

79

The minimum detectable acceleration to the total
input acceleration noise
q
ant  a2n-circuit  a2n ;
80
and the total noise voltage is
q
2
Vnt  Vn2  Vn-circuit
:

81

4.2. Scanning probe microscope
Scanning probe microscopes with micromechanical
cantilevers are commonly used for detection of small
forces. A fundamental limit to the measurement of small
forces is imposed by thermomechanical noise, which is
governed by dissipation of mechanical energy in the
force-measuring cantilever.
Thus, the minimum detectable force is equal to the
noise force which according to Eq. (12) can be written as
p
Fmin  4kTR x Df ;
82
or, if expressed by the microcantilever Q-factor and its
resonant frequency x0 :
s
4kT j Df
Fmin 
:
83
x0 Q
This minimum detectable force can also be expressed
in terms of the cantilever dimensions; w is the cantilever
width, l is the cantilever length, and t is the cantilever
thickness. Let us consider only the ®rst oscillatory mode
for which the following is valid:
r
1:8752 EI
3EI
wt3
x0 
; j 4 ; I
:
84
m
l
l2
12
It should be borne in mind that in the expression for
the resonant frequency m is given per unit length. After
the replacement into Eq. (83), we obtain [24]:
 2 1=2
wt
Fmin 
Eq1=4 kT Df 1=2 ;
85
lQ
where E is the elasticity modulus, and q is the mass
density of the cantilever material.
It can be concluded from Eq. (85) that an ultrasensitive cantilever can be obtained if narrow, thin and long

Fig. 7. Dependence on the mechanical Q factor on pressure for
a silicon nitride cantilever [25].

cantilever is used. It is true only if a high mechanical Qfactor is provided.
One of the important dissipation sources in micromechanical oscillators is air damping. Fig. 7 shows the
dependence of the Q-factor on the air pressure for a
 thickness.
silicon nitride cantilever of a 5100 A
It is interesting to note that the investigations showed
that the Q-factor measured in high vacuum (10ÿ6 Torr):
does not depend on the cantilever length;
does not depend on the cantilever width;
becomes linearly higher with an increase in the cantilever thickness.
This shows that the dissipation is not caused by internal losses in bulk but rather by surface losses. The
possible sources of the surface losses are adsorbates on
the cantilever surface or surface defects created during
fabrication. A con®rmation to this is the fact that, in
some cases, Q can be dramatically increased by annealing in the forming gas (Ar with 4.25% H2 ) for 1 h at
a temperature of 700°C.
The results of these investigations show that extremely good results with an ultra-high sensitivity cantilevers can be obtained by the special surface treatment.
Let us ®nally quote a result obtained by the use of Si
 thick, 220 lm
single-crystalline cantilever that is 600 A
long and about 5 lm wide, with a resonant frequency at
f0  1:7 kHz, Q  6700 and j  6:5  10ÿ6 N/m for a
force noise spectral density as given in Ref. [3]:
Fmin  5:68  10ÿ18 N=Hz1=2 :
Another example is the piezoresistive atomic force
microscope (AFM) cantilevers. Ref. [25] presents a piezoresistive cantilever with a length l  10 lm, width
about 2 lm and thickness 0.35 lm. The displacement
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  1:1  10ÿ5 , the displacement
sensitivity DR=R=A
1=2

resolution 2  10ÿ3 A/Hz
, the mechanical response time
is less than 90 ns, and the stiness is 2 N/m. This microcantilever has been fabricated from a silicon-on-insulator
wafer. A shallow boron implant (6  1013 /cm2 , 10 keV)
is used to form piezoresistors at the base of the cantilever.
The piezoresistors are con®ned to the base of the cantilever because this is the region where the largest stresses
are induced in response to the tip de¯ection.
Let us determine the sensitivity ®rst. We start from
DR=R  rmax peff ;

86

where DR is the piezoresistor resistance change, peff , the
eective piezoresistive coecient and rmax , the maximum mechanical stress of the cantilever. The de¯ection
of a cantilever with a length l, width w and thickness t is
y x  F x2 l ÿ x3 =3=2EI;

87

where F is the applied force at the free end of the microcantilever. The stress at the upper surface r(x) is
r x  6F l ÿ x=t2 w;

88

so that
rmax  6FL=t2 w:

89

The maximum de¯ection can be determined using the
force F as
ymax 

4Fl3
;
Ewt3

)F 

ymax Ewt3
;
4l3

90

thus,
rmax 

3 Et
ymax :
2 l2

91

On the contrary, the resonant frequency of this
cantilever can be expressed as
f0  0:16 E=q1=2 t=l2 ;

92

hence,
rmax  3=0:32f0 qE1=2 ymax ;

93

Therefore,
DR=R  0:94f0 qE1=2 peff ymax :

94

DR
R

n

p
 1:5 qEpeff

s
4kT
:
Rm

96

The authors of Ref. [25] report that their cantilevers
have a sucient displacement resolution to detect their
own mechanical±thermal noise in vacuum and, for some
designs, even in air. In one of their experiments, they
obtained that the thermal±mechanical noise appeared as
a distinct peak with a quality factor of 30 at 1.1 MHz
resonant frequency of the cantilever. The explanation is
connected with Eqs. (77) and (78) wherein it can be seen
that the decrease of the cantilever dimensions according
to Eq. (46) causes a decrease of the mechanical resistance so that the thermal mechanical noise becomes
more pronounced.
4.3. Infrared thermal detectors
In the course of the past year, a number of infrared
room-temperature thermal detectors were fabricated by
the micromachining processes which were 100% compatible with the silicon integrated circuits processing
[5,8,26±28]. These parameters are expected to approach
the theoretical values because their sensitivity is high and
the noise is low. Most of these MEMS detectors base
their operation on the de¯ection measurement.
In our previous work [8], we analyzed a new type of
pneumatic detector utilizing thermal expansion of gas to
detect IR radiation. To detect this gas expansion, a
tunneling de¯ection sensor is used. We showed that a
good agreement with experimental noise equivalent
power (NEP) is obtained only if the thermal±mechanical
noise is taken into account.
Here we consider the case of an IR detector based on
the bimaterial concept (Fig. 8).
The bimaterial element comprises two coupled cantilevers with dierent expansion coecients a1 and a2 .
Temperature changes cause the de¯ection of the cantilever. The de¯ection depends on the ratio of the cantilever thicknesses n  t2 =t1 and on the ratio of their
YoungÕs moduli, U  E1 =E2 .
The calculations show that the de¯ection dependence
on the temperature is [29,30]
d T 

3L2
8 1  n T ÿ T0 
;
a1 ÿ a2 
8t1
4  6n  4n2  n3 U  1=nU
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In the previous text, we saw that the displacement
noise spectral density of a cantilever at the resonant
frequency f0 is given as
s
1
4kT
;
95
jymax jn 
2pf0 Rm

where T0 is the temperature at which the de¯ection
equals zero.
Let us remind ourselves that the active area temperature increase for all kinds of thermal detectors is in the
®rst approximation [5]
ÿ1=2
ÿ
DT  Rth P 1  x2 s2th
;
98

where Rm is mechanical resistance. Using Eq. (94), we
obtain

where P is the absorbed optical power, whereas the
other parameters are previously de®ned.
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p
A
:
D  q
ÿ

4kT 2
4kT 1 1
 x0 jQ b2 R2 1  x2 s2th G2 x
Rth
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th

The above expression shows that the speci®c detectivity D depends both on thermal and mechanical
properties of the detector. As both the thermal resistance
and the Q factor increase with a pressure decrease
around the sensing element, it follows that in principle a
convenient choice of other parameters (bimaterial sensitivity b and stiness j) a detectivity can be reached
which is approximately equal to the background limited
value (D  1:81  1010 cm Hz1=2 /W).
So our calculations [31] show that for a bimaterial
detector with the active area dimensions 75  75 lm2 ,
thermal conductivity Gth  1:76  10ÿ7 W/K, sth  22:7
ms and with the mechanical parameters j  0:02 N/m,
resonant frequency f0  6:3 kHz, Q  1000 and bimaterial sensitivity b  0:14  10ÿ6 m/K at a frequency of
15 Hz, we obtain D  7  109 cm Hz1=2 /W, which is
within a factor 2 with regard to the background detectivity. At the same time, the ratio of the thermal and
mechanical part of the term under the square root is 4.
Fig. 8. The IR detector based on the bimaterial concept.

In the case of bimaterial detectors, the measured
value is the displacement of the active area due to the
temperature change (Fig. 8). To this purpose, we de®ne
the sensitivity of the bimaterial eect as
b  Dd=DT  KDaL2 =t1

99

so that the displacement due to the temperature change
is given as
Dd  bRth P = 1  x2 s2th 1=2 :

100

In the case of bimaterial detectors, there are two
basic mechanisms of noise generation due to the temperature ¯uctuations: The ®rst one causes the spectral
density of thermal ¯uctuations
DT 2 

4kT 2 Rth
:
1  x2 s2th

101

The other one is the thermal mechanical noise, where
the displacement spectral density is given as
Dd2 

4kT 2
G x:
xjQ

102

The noise equivalent displacement is
NE d2  b2 DT 2  Dd2

103

so that the detectivity of a thermal bimaterial detector
with a 2p ®eld of view

5. Conclusion
The importance of noise investigation in an MEMS is
contained in the connection of the MDS (minimum
detectable signal) with its geometrical and physical parameters, with the aim to optimize the design.
In this work, we mostly considered noises caused by
the temperature ¯uctuations. In the case of mechanical
systems, it is the thermal±mechanical noise, and in the
system where heat conduction appears, it is the thermal
noise (sometimes referred to as phonon noise).
All kinds of noises are connected with dissipative
processes. In the case of mechanical systems, they are
characterized by the real part of the mechanical impedance (or admittance), and in the case of thermal
processes, most often by the thermal conductance.
The work discusses only the most often encountered
dissipative processes, those caused by the viscosity of the
medium. However, there are a number of various internal dissipative processes, the mechanism of which is
still not clear enough. As an example, we quote the
dissipative processes in the supports of various kinds of
cantilevers, etc.
It should be mentioned that there are noises caused
by the processes of adsorption and desorption of molecules and leading to the stochastic changes of the mass
of miniature active parts of the MEMS. It is not simple
to include these into the dissipative processes.
Thus, as the ®nal conclusion, it may be said that the
investigation of noises in the MEMS is currently in its
infancy and the ®eld of application of MEMS is very
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broad (physics, chemistry, biology, medicine), the
mechanisms determining the ultimate performance of
the MEMS are very diverse and should be well studied.
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